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This article is devoted to new results of investigations of quasi-invariant 
non- Archimedean valued measures, which is becoming more important now- 
days due to the development of non- Archimedean mathematical physics, par- 
ticularly, quantum mechanics, quantum field theory, theory of superstrings 
and supergravity [VV89, VVZ94, ADV88, Cas02, DD00, Khr90, Lud99t, 
Jan98]. On the other hand, quantum mechanics is based on measure theory 
and probability theory. For comparison references are given below also on 
works, where realvalued measures on non-Archimedean spaces were studied. 
Stochastic approach in quantum field theory is actively used and investigated 
especially in recent years [AK91, Khr91, Khr99, Khr90]. As it is well-known 
in the theory of functions great role is played by continuous functions and 
differentiable functions. 

In the classical measure theory the analog of continuity is quasi-invariance 
relative to shifts and actions of linear or non-linear operators in the Banach 
space, differentiability of measures is the stronger condition and there is very 
large theory about it in the classical case. Apart from it the non- Archimedean 
case was less studied. Since there are not differentiable functions from the 
field Q p into R or in another non- Archimedean field Q p / with p ^ p', then 



1 



instead of differentiability of measures their pseudo-differentiability is con- 
sidered. 

Effective ways to use quasi-invariant and pseudo-differentiable measures 
are given in the articles of the author [Lud02a, Lud03s2, Lud02j, Lud96c, 
Lud99a, LudOOa, Lud99t, LudOff, LudOOf, Lud99s]. I.V. Volovich was dis- 
cussing with me the matter and interested in results of my investigations of 
non- Archimedean analogs of Gaussian measures such as to satisfy as many 
Gaussian properties as possible as he has planned to use such measures in 
non- Archimedean quantum field theory. The question was not so simple. He 
has supposed that properties with mean values, moments, projections, dis- 
tributions and convolutions of such measures can be considered analogously. 
But thorough analysis has shown, that not all properties can be satisfied, 
because in such case the linear space would have a structure of the R-linear 
space. Nevertheless, many of the properties it is possible to satisfy in the 
non-Archimedean case also. Gaussian measures are convenient to work in 
the classical case, but in the non- Archimedean case they do not play so great 
role. 

Strictly speaking no any nontrivial Gaussian measure exists in the non- 
Archimedean case, but measures having few properties analogous to that of 
Gaussian can be outlined. Supplying them with definite properties depends 
on a subsequent task for which problems they may be useful. Certainly 
if each projection /iy of a measure \x on a finite dimensional subspace Y 
over a field K is equivalent to the Haar measure Ay on Y, then this is well 
property. But in the classical case, as it is well-known, such property does 
not imply that the measure \x is Gaussian, since each measure vy(dx) = 
/(x)Ay(dx) with / e L l (Y, Ay,R) is absolutely continuous relative to the 
Lebesgue measure Ay on Y and this does not imply Gaussian properties of 
moments or its characteristic functional [GV61, DF91]. The class of measures 
having such properties of projections is described by the Kolmogorov and 
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Kakutani theorems. At first it is mentioned below how measures on Banach 
spaces can be used for construction of measures on complete ultrauniform 
spaces, then particular classes of quasi-invariant non-Archimedean valued 
measures descending at infinity are considered. 

In [LudOOf, Lud99s] non- Archimedean polyhedral expansions of ultrauni- 
form spaces were investigated and the following theorem was proved. 

Theorem. Let X be a complete ultrauniform space and K be a lo- 
cal field. Then there exists an irreducible normal expansion of X into the 
limit of the inverse system S = {P n , f™, E} of uniform polyhedra over K ; 
moreover, limS is uniformly isomorphic with X , where E is an ordered set, 
f™ : P m — > P n is a continuous maping for each m > n; particularly for the 
ultrametric space (X, d) with the ultrametric d the inverse system S is the 
inverse sequence. 

This structure theorem serves to prove the following theorem. 

1. Theorem. Let X be a complete separable ultrauniform space and let 
K be a local field. Then for each marked b G C s there exists a nontrivial 
F-valued measure n on X which is a restriction of a measure v in a measure 
space (Y, Bco(Y),u) = lim{ (Y m , Bco(Y m ), u m ), f™, E} on X and each v m 
is quasi-invariant and pseudo-differentiable for b G C s relative to a dense 
subspace Y' m , where Y n := c (K,a n ), f™ : Y m — > Y n is a normal (that 
is, Y^-simplicial nonexpanding) mapping for each m > n G E, f™\p m = 
f™. Moreover, if X is not locally compact, then the family T of all such fi 
contains a subfamily Q of pairwise orthogonal measures with the cardinality 
card{Q) = card(F) c , c := card(Q p ). 

Proof. Choose a polyhedral expansion of X in accordance with cited 
above theorem. Let Q p cK,s^p are prime numbers, Q s C F, where F is 
a non- Archimedean field complete relative to its uniformity. On each X n take 
a probability F-valued measure v n such that ||X n \P n ||„ n < e n , J2 n &E e n < 1/5. 
In accordance with §3.5.1 and §4.2.1 [Lud96c, Lud02j] (see also [Lud03s2]) 
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each v n can be chosen quasi-invariant and pseudo-differentiable for b G C s 
relative to a dense K-linear subspace Y' n , since each normal mapping f™ 
has a normal extension on Y m supplied with the uniform polyhedra struc- 
ture. Since E is countable and ordered, then a family v n can be chosen by 
transfmite induction consistent, that is, /™(^ m ) — v n for each m > n in E, 
f™{Y' m ) = Y' n . Then A = lim{P m , f™, E} Y. Since /™ are K-linear, 
then (f™)~ 1 (Bco(Y n )) C Bco(Y m ) for each m > n £ E. Therefore, z/ is 
correctly defined on the algebra [j n&E f~ 1 {Bco{Y n )) of subsets of Y, where 
f n '■ X — > A n are K-linear continuous epimorphisms. Since z/ is nontrivial 
and || is bounded by 1, then by the non- Archimedean analog of the Kol- 
mogorov theorem [LudOlf, LK02] v has an extension on the algebra Bco(Y) 
and hence on its completion Af(Y, v). Put Y' := lim{y' m , /™, E}. Then v m 
on Y m is quasi-invariant and pseudo-differentiable for b G C s relative to Y' m . 
From J2n e n < 1/5 it follows, that 1 > > Yi n (^ ~ e «) > 1/2, hence /i is 

nontrivial. 

To prove the latter statement use the non-Archimedean analog of the 
Kakutani theorem (see [Lud96c, Lud02j]) for EL^n an d then consider the 
embeddings X <^-> Y <^-> lln^n such that projection and subsequent restric- 
tion of the measure fin on Y an d A are nontrivial, which is possible due 
to the proof given above. If Yi n u n and Jin v> n are orthogonal on fin Y n , then 
they give v and v' orthogonal on A. 

2. Definitions and Notes. A function / : K — > U s is called pseudo- 
differentiable of order 6, if there exists the following integral: PD(b, f(x)) : = 
fit[(f(x) — f(y)) x g( x ,y,b)]dv(y). We introduce the following notation 
PD c (b, f(x)) for such integral by B(K, 0, 1) instead of the entire K. Where 
g(x,y,b) := s (- 1 - 6 )x° r<i p( a; -s0 with the corresponding Haar measure v with 
values in K s , where K s is a local field containing the field Q s , s is a prime 
number, b G C s and |x|k = p~ ord p( x \ C s denotes the field of complex numbers 
with the non- Archimedean valuation extending that of Q s , U s is a spherically 
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complete field with a valuation group T\j s := {\x\ : 7^ x G U s } = (0, 00) C 
R such that C s C U s , < s is a prime number [Dia84, Roo78, Sch84, Wei 73]. 
For each 7 G (0, 00) there exists a = log s {j) G R, T Us = (0, 00), hence 
s a G U s is defined for each a G R, where log s {^) = ln{^) /ln(s), In : 
(0,oo) — > R is the natural logarithmic function such that ln(e) = 1. The 
function s a+ *' 3 =; /3) with a and /3 G R is defined due to the alge- 
braic isomorphism of C s with C (see [Kob77]) in the following manner. 
Put s a+lf3 := s a (s 1 )@ and choose as s 1 a marked number in U s such that 
s l := (EXP s (i)) ln s , where EXP S : C s — > C+ is the exponential function, 
:= {x G C s : \x — l\ s < 1} (see Proposition 45.6 [Sch84]). Therefore, 
\EXP s (i) — l\ s < 1, hence \EXP s {i)\ s = 1 and inevitably |s l | s = 1. There- 
fore, |s a+i/3 | s = s~~ a for each a and j3 G R, where | * | s is the extension of the 
valuation from Q s on U s , consequently, s x G U s is defined for each x G C s . 

A quasi-invariant measure /i on X is called pseudo-differentiable for b G 
C s , if there exists PD(b, g(x)) for g(x) := fi(—xz + 5) for each S G Bco(X) 
\\S\\fj, < 00 and each z E J^, where is a K-linear subspace dense in X. For 
a fixed z G X such measure is called pseudo-differentiable along z. 

2.1. Definitions and Remarks. Let X be a locally K-convex space 
equal to a projective limit limlXj, <pj, T} of Banach spaces over a local field 
K such that Xj = co(<x,-,K), where the latter space consists of vectors x = 
(xk '■ k G Oij), Xk G K, ||x|| := sup fe \xk\it < 00 and such that for each e > 
the set {k : \xk\jc > e} is finite, aj is a set, that is convenient to consider as 
an ordinal due to Kuratowski-Zorn lemma [Eng86, Roo78]; T is an ordered 
set, <f)j : Xj — > Xi is a K-linear continuous mapping for each j > I G T, 
(f)j : X — > Xj is a projection on Xj, <pi o (fij = <f)j for each j ; > I G T, 

0; = 0i f° r each j > Z > fc in T. Consider also a locally R-convex 
space, that is a projective limit Y = lim{Z 2 (o;j, R), T}, where ^(ctj, R) is 
the real Hilbert space of the topological weight w(/ 2 («j,R)) = card(aj)ti. . 
Suppose B is a symmetric nonegative definite (bilinear) nonzero functional 
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B : Y 2 -> R. 

Consider a non-Archimedean field F such that K s C F and with the 
valuation group Tp = (0, oo) C R and F is complete relative to its uniformity 
(see [Dia84, Esc95]). Then a measure fx = fi q ,B,i on X with values in K s is 
called a g-Gaussian measure, if its characteristic functional jx with values in 
F has the form 

on a dense K-linear subspace D Qi b,x in X* of all continuous K-linear func- 
tional z : X — > K of the form z(x) = Zj((f)j(x)) for each x G X with 
€ D B y, where _B is a nonnegative definite bilinear R- valued symmetric 
functional on a dense R-linear subspace D B Y inY*,B: D 2 B Y -> R, j G T 
may depend on z, Zj : Xj — > K is a continuous K-linear functional such that 
z j — Hkeaj ek j z kj is a countable convergent series such that Zkj G K, is 
a continuous K-linear functional on Xj such that e){ei,j) = <5f is the Kro- 
neker delta symbol, eij is the standard orthonormal (in the non- Archimedean 
sence) basis in c (aj,K), v s (z) = v s q (zj) := {\s q ord p( z k,j)/ 2 \ s : k G otj). It is 
supposed that z is such that v*(z) G ^(ctj, R), where q is a positive constant, 
Xy( z ) '■ X — > T s is a continuous character such that Xt^) = xWt)), 7 e 
X : K — > T s is a nontrivial character of K as an additive group (see [Roo78] 
and §2.5 in [Lud96c, Lud02j]). 

3. Proposition. A q-Gaussian quasi-measure on an algebra of cylindri- 
cal subsets Uj 7rJ" 1 (7^j), where Xj are finite- dimensional over K subspaces in 
X, is a measure on a covering ring 1Z of subsets of X (see §2.36 [Lud96c, 
Lud02j]). Moreover, a correlation operator B is of class L 1; that is, Tr{B) < 
oo, if and only if each finite dimensional over K projection of fx is a q- 
Gaussian measure (see §2.1). 

Proof. From Definition 2.1 it follows, that each one dimensional over 
K projection fx xK of a measure fx satisfies Conditions 2.1. (i — iii) [Lud96c, 
Lud02j] the covering ring Bco(K), where 0^1 = e k j G X t . Therefore, fx is 
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defined and finite additive on a cylindrical algebra 

U := {J kl ,...,k n ;i ^r 1 [(^ l k 1 ,...,k n )~ 1 ( Bco ( s P an ^{ e ki,h e^i}))], 
where <p l kl kn : X[ — > span^e^^, •••, e fc„,z) is a projection. This means that 
/x is a bounded quasimeasure on U. Since /x(0) = 1, then /x(X) = 1. The 
characteristic functional ft satisfies Conditions 2.5.(3,5) [Lud96c, Lud02j]. 
In view of the non- Archimedean analog of the Bochner-Kolmogorov theorem 
§2.21 and Theorem 2.37 [Lud96c, Lud02j] /x has an extension to a probability 
measure on a covering ring 1Z of subsets of X containing U. 

Suppose that B is of class L\. Then B(v q (z),v q (z)) and hence jl{z) is 
correctly defined for each z G D qj B,x- The set D qj B,x of functionals z on 
X from §2.1 separates points of X. From Definition 2.1 it follows, that 
fi(y) is continuous. Consider a diagonal compact operator T in the standard 
orthonormal base, Tek,i = a^e^, linifc+^oo = 0. Since i? is continuous, 
then the corresponding to B correlation operator E is a bounded K-linear 
operator on Y, \\E\\ < oo. For each e > there exist 5 > and T such 
that max(l, ||-E||)<5 < e and \at,i\ < 5 for each k + I > N, where iV is 
a marked natural number, therefore, ||i?| spanK { e( . ;: fc + />Ar}|| < e. Hence for 
each e > there exists a compact operator T such that from \zTz\ < 1 it 
follows, \£i(y) — p>(x)\ < e for each x — y = z, where x,y,z G Y*. Therefore, 
by Theorem 2.30 the charateristic functional fi defines a probability Radon 
measure on Bco(X). 

Vice versa suppose that each finite dimensional over K projection of /i is a 
measure of the same type. If for a given one dimensional over K subspace W 
in X it is the equality B(v q (z),v q (z)) = for each z G W, then the projection 
Hw of fi is the atomic measure with one atom. Show B G L^cot^O) K)) and 
7 G c (cj ,K). Let ^ x G X and consider the projection n x : X — > 
iK. Since /x^k is the measure on 5co(xK), then its characterisic functional 
satisfies Conditions of Theorem 2.30 [Lud96c, Lud02j]. Then fi for iK gives 
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the same characteristic functional of the type 

for each z G iK, where b x > and S x G K are constants depending on the 
parameter ^ i G X. Since x and z are arbitrary, then this implies, that 
B G Li and 7 G c (u , K). 

4. Corollary. A q- Gaussian measure fi from Proposition 3 with Tr(B) < 
00 is quasi-invariant and pseudo-differentiable for some b G C s relative to 
a dense subspace J M C M M = G X : ^(x) G E l l 2 (Y)}. Moreover, if 
B is diagonal, then each one- dimensional projection ji 9 has the following 
characteristic functional: 

(<) A fl W=a (E ^ lwl ' )|fc| '% f (7)W. 

where g = (gj : j G cj ) G c (c<Jo, K)*, /3j- > /or eac/i j. 

Proof. Using the projective limit reduce consideration to the Banach 
space X. Take a prime number s such that s 7^ p and consider a field K s 
such that K is compatible with K s , which is possible, since K is a finite 
algebraic extension of Q p and it is possible to take in particular K s = Q s . 
Recall that a group G for which o(G) C o(T K ) is called compatible with K, 
where o(G) denotes the set of all natural numbers for which G has an open 
subgroup U such that at least one of the elements of the quotient group G/U 
has order n, T denotes the group of all roots of 1 and T K denotes its subgroup 
of all elements whose orders are not divisible by the characteristic p of the 
residue class field k of K. A character of G is a continuous homomorphism 
/ : G — > T. Under pointwise multiplication charaters form a group denoted 
by G-. A group G is called torsional, if each compact subset V of G is 
contained in a compact subgroup of G. In view of Theorem 9.14 [Roo78] K> 
is isomorphic with K. A K-valued character of a group G is a continuous 
homomorphism / : G — > T K - The family of all K-valued characters form a 
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group denoted by G^. Since K is compatible with K s and lim n _ >0O p™ = 0, 
then K is isomorphic with K^ s . If G is a torsional group, then the Fourier- 
Stieltjes transform of a tight measure fi G M{G) is the mapping fi : G^ — > K 
defined by the formula: fi(g) := j G x{x) fi{dx) , where x £ ^k- I n y i ew of 
Schikhof Theorem 9.21 [Roo78] the Fourier-Stieltjes transformation induces 
a Banach algebra isomorphism L(G, TZ, w, K) with C^Gj^, K), where w is a 
nontrivial Haar K-valued measure on G. Therefore, in this sutuation there 
exists the Banach algebra isomorphism of L(K, 1Z, w, K s ) with C 00 (K^- s , K s ). 

Therefore, from the proof above and Theorem 3.5 it follows, that the 
measure f^ q ,B,j is quasi-invariant relative to shifts on vectors from the dense 
subspace X' in X such that X' = {x G X : v s q {x) G E l / 2 {Y)}, which is 
K-linear, since B is R-bilinear and B(y,z) =: (Ey,z) for each y, z G Y and 
Vg(ax) = \a\ q l 2 v s {x) and i>g(£j + tj) < max(^(xj), i>g(ij)) for each x,t £ X 
and each a G K, where is nondegenerate positive definite of trace class 
R-linear operator on Y, x = J2j x j e j, x j £ K, since 1% = l 2 and _E can be 
extended from Db,y on Y. 

Consider s a+lb as in §2. Mention, that |(|z| p )| s = 1 for each z G K, where 
the field K is compatible with K s . 

The pseudo-differential operator has the form: PD(b, f(x)) := Jj^[f(x) — 
f (y)]s(~ 1 ~ b ) xordp ( x ~ y ' > w (dy) , where w is the Haar K s -valued measure on Bco(K), 
b G C s , particularly, also for f(x) := fi(—xz + A) for a given z G X', 
A G Bco(X), where x, y G K. Using the Fourier-Stieltjes transform write 
it in the form: PD(b,f(x)) = F" 1 ^ (u)^(u)), where £(y) := [F y (f(x) - 
f(y))](v), ip(v) := [Fy(s(- 1 -V xord ^)](v), F y means the Fourier-Stieltjes op- 
erator by the variable y. Denoting A — xz =: S we can consider f(x) = 
and f(y) = /i((x — y)z + S) — fJ>(S), since S G Bco(X). Then /(y) = 
J s (n((x -y) + dg) - n{dg)) = J s [p^(y -x,g)- l\n{dg). The constant func- 
tion h(g) = 1 is evidently pseudo-differentiable of order b for each b G C s . 
Hence the pseudo-differentiability of ji of order b follows from the existence 
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of pseudo-differential of the quasi-invariance factor g + x) of order b for 
//-almost every g G X . In view of Theorem 3.5 and the Fourier-Stieltjes oper- 
ator isomorphism of Banach algebras L(K, TZ, w, K s ) and C 00 (K^- s ,K s ) the 
pseudo-differentiability of p M follows from the existence of F~ 1 (fiip) ) where fi 
is the characteristic functional of /i. We have 

(") W) (y) = Jk xMf(x)w(dx) 

= lKX(z)f(z/y)[\y\ P ]' 1 w(dz) 

for each y ^ 0, where x,y,z G K, particularly for /(x) = s -( 1 + 6 )x° r< *p( a: ) we 
have f(z/y) = f(z)f(-y) and F(f)(y) = T K ^(1 + 6)/(-j/)| J /|- 1 , where 
(in) T K ' S (6) := / K X (z)s- bxord ^w(dz), 

f(—y) = s( 1 + 6 ) xorc( p(f) ) since ord p (z/y) = ord p (x) — ord p (y). For a nontrivial 
character of an order m G Z from the definition it follows, that r K ' s (6) 7^ 
for each b with Re(b) 7^ 0, since |s _bra | s = s Re ^ n for each n G Z. Therefore, 
^(y) = s (i+b)xord p (y)\ y \-^ consequently, \ip(y)\ s = s -^ +Re ^ xord ^ for each 
y 7^ 0, since |(|y| p )| s = 1. On the other hand, \jl(z)\ = s" B ^' z ' , "«' z " and 
F -1 ^^) exists for each 6 G C s with Re(b) > —1, since Tr(B) < 00, which 
is correct, since C s is algebraically isomorphic with C and Tu s 3 (0, 00). 

5. Corollary. Let X be a complete locally K-conwex space of separable 
type over a local field K ; then for each constant q > there exists a nonde- 
generate symmetric positive definite operator B <E L 1 such that a q-Gaussian 
quasi-measure is a measure on Bco(X) and each its one dimensional over K 
projection is absolutely continuous relative to the nonnegative Haar measure 
on K. 

Proof. A space Y from §2.1 corresponding to X is a separable locally 
R-convex space. Therefore, Y in a weak topology is isomorphic with R H ° 
from which the existence of B follows. For each K-linear finite dimensional 
over K subspace S a projection jj, s of ji on S C X exists and its density 
fi s (dx)/w(dx) relative to the nondegenerate K s -valued Haar measure w on 
S is the inverse Fourier-Stieltjes transform F _1 (/t|5*) of the restriction of fx on 
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S*. For B G L\ each one dimensional projection of /x corresponding to \i has 
a density that is a continuous function belonging to L(K, Bco(K),w, K s ). 

6. Proposition. Let /i g ,_B, 7 cwwz 7 Hq,E,s be two q-Gaussian measures with 
correlation operators B and E of class L\, then there exists a convolution of 
these measures ^ q ,B,^ * (Aq,E,6> which is a q-Gaussian measure ^ q ,B+E,-y+6- 

Proof. Since B and E are nonnegative, then (B + E)(y,y) = B(y,y) + 
E(y, y) > for each y <EY, that is, B + E is nonnegative. Evidently, B + E 
is symmetric and of class L\. Moreover, /j, qj B+E,-y+s is defined on the covering 
ring (Jb+e containing the union of covering rings \Jb and Ug on which /i ? ,s, 7 
and n q ,E,6 are defined correspondingly, since ker(B + E) C ker(B) nker(E). 
Therefore, n q ,B+E,-y+5 is the tight g-Gaussian measure together with l^ q ,B,-y and 
H q ,E,6 i n accordance with Proposition 3 on the covering ring 7Z^ q B+E which 
is the completion of the minimal ring generated by \1b+e- Since £i qt B+E,-y+s = 

fJ' q ,B,'ytJ' q ,E,S, then fl^B+E^+S = Hq,B,-y * Vq,E,8- 

6.1. Remark and Definition. A measurable space (Q, F) with a prob- 
ability K s - valued measure A on a covering ring F of a set Q is called a prob- 
ability space and it is denoted by (Q, F, A). Points oo G Q are called elemen- 
tary events and values X(S) probabilities of events S G F. A measurable map 
£ : (Q, F) — > (X, B) is called a random variable with values in X, where B is a 
covering ring such that B C Bco(X), Bco(X) is the ring of all clopen subsets 
of a locally K-convex space X, £ _1 (B) C F, where K is a non-Archimedean 
field complete as an ultrametric space. 

The random variable £ induces a normalized measure ^(A) := A(£ _1 (t4)) 
in X and a new probability space (X, B, v£). 

Let T be a set with a covering ring 1Z and a measure 77 : 7Z — > K s . 
Consider the following Banach space L q (T, 7Z, 77, H) as the completion of the 
set of all TZ-step functions / : T — > H relative to the following norm: 

(1) \\f\\ %q := sup teT \\f(t)\\ H N v (t) 1 ^ for 1 < q < 00 and 

(2) \\f\\ v ,oo ■■= sup^^ where if is a Banach space over K. 
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For < q < 1 this is the metric space with the metric 
(3) p q (f,g) :=sup teT -g(t)\\ H N v (t)^. 

If if is a complete locally K-convex space, then if is a projective limit of 
Banach spaces H = lim{if Q , 7rS, T}, where T is a directed set, 7r2 : H a — > Hp 
is a K-linear continuous mapping for each a > /3, n a : H — > H a is a K-linear 
continuous mapping such that o n a = up for each a > (3 (see §6.205 
[NB85]). Each norm p a on H a induces a prednorm p a on H. If / : T — > i/, 
then -K a o f =: f a : T —> H a . In this case L q (T,TZ,r], H) is defined as a 
completion of a family of all step functions / : T — > H relative to the family 
of prednorms 

(1') H/llw* := sup teT p a (f(t))N v (t)^, a G T, for 1 < q < oo and 
(2') ||/||^oo,q : = sup!< ?<00 ||/(OIU,g,a, « G T, or pseudometrics 
(3') p q , a (f>9) ■= ™p teT p a (f(t) ~ 9(t))N v (t)^, a G T, for < q < I. 
Therefore, L q (T, TZ, 77, H) is isomorphic with the projective limit 
lim{L q (T, 7Z, rj, H a ), ir^, T}. For q = 1 we write simply L(T, TZ, rj, H) and 
ll/H^. This definition is correct, since lim^oo a 1 ^ = 1 for each 00 > a > 0. 
For example, T may be a subset of R. Let Rd be the field R supplied 
with the discrete topology. Since the cardinality card(FL) = c = 2 K °, then 
there are bijective mappings of R on Y\ := {0,...,6} N and also on Y 2 : = 
N N , where b is a positive integer number. Supply {0, ...,6} and N with the 
discrete topologies and Y\ and Yi with the product topologies. Then zero- 
dimensional spaces Y\ and Yi supply R with covering separating rings 1Z\ 
and 7^-2 contained in BcoiYi) and Bco{Y<i) respectively. Certainly this is not 
related with the standard (Euclidean) metric in R. Therefore, for the space 
L q (T, TZ, 77, H) we can consider t G T as the real time parameter. If T C F 
with a non- Archimedean field F, then we can consider the non- Archimedean 
time parameter. 

If T is a zero-dimensional 7i-space, then denote by C®(T, H) the Banach 
space of all continuous bounded functions / : T — > H supplied with the 
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norm: 

(4) H/IIco := sup t6T \\ H <oo. 
If T is compact, then C°(T, iJ) is isomorphic with the space C°(T, H) of all 
continuous functions / : T — > H. 

For a set T and a complete locally K-convex space H over K consider 
the product K-convex space H T := Titer Ht m the product topology, where 
H t := for each t G T. 

Then take on either X := X(T,H) = L 9 (T, ft, 77, iJ) or X := X(T, /J) = 
C£(T, #) or on X = X(T, H) = H T & covering ring B such that B C Bco(X). 
Consider a random variable £ : u; 1— > £(i,u;) with values in (X, B), where 

t e T. 

Events Si, S n are called independent in total if -P(Ilfc=i Sk) — Hk=i P(^k)- 
Subrings C F are said to be independent if all collections of events Sk G 
are independent in total, where k = l,...,n, n G N. To each collection of 
random variables £ 7 on (Q, F) with 7 G T is related the minimal ring Ft C F 
with respect to which all £ 7 are measurable, where T is a set. Collections 
{£ 7 : 7 G Tj} are called independent if such are Ft., where Tj C T for each 
j = 1, n, n G N. 

Consider T such that card(T) > n. For X = C$(T,H) or X = H T 
define X(T, H; (ti, t n ); (zi, z n )) as a closed submanifold in X of all 
f : T —> H, f e X such that f(ti) = Zi, f(t n ) = z n , where h,...,t n 
are pairwise distinct points in T and zi,...,z n are points in H. For X = 
L q (T, 71, 77, H) and pairwise distinct points t\,...,t n in T with N v (ti) > 
0, N v (t n ) > define X(T, if; (i 1; t n ); (zi, z n )) as a closed subman- 
ifold which is the completion relative to the norm H/H^g of a family of TZ- 
step functions / : T — > if such that /(ii) = Zi, /(^n) = ^n- In these cases 
X(T, /J; (ti, ...,t n ); (0, 0)) is the proper K-linear subspace of X(T, H) such 
that X(T, H) is isomorphic with X(T, H; (t 1? t n ); (0, 0)) © F n , since if 
f E X, then /(*) - /(ij) =: #(t) G X(r,//;^;0) (in the third case we use 
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that T G TZ and hence there exists the embedding H X). For n — 1 and 
to G T and ^ = we denote X := X (T, H) := X(T, H; t ; 0). 

6.2. Definitions. We define a (non-Archimedean) stochastic process 
w(t,iv) with values in if as a random variable such that: 

(i) the differences w(t\,w) —w(t 3 ,uj) and w(t 2 ,uj) —w(ti,u) are indepen- 
dent for each chosen (ti,t 2 ) and (£3, £4) with ^ 7^ t 2) £3 7^ ^4, such that either 
£1 or £2 is not in the two-element set {£3, £4}, where u; G fi; 

(m) the random variable uj(t,oj) — u;(u, oj) has a distribution where 
H is a probability K s -valued measure on (X(T,H), B) from §6.1, fJ. 9 {A) : = 
n(g~ 1 (A)) for g : X — > iJ such that g^ l {TZu) C B and each A G 7£#, a 
continuous linear operator F tjU : X — > is given by the formula F tjU (w) : = 
w(£,a>) — uj) for each iu G L q (Q,F, X; X), where 1 < g < 00, 1Z H is a 
covering ring of H such that F^(TZh) C B for each £ 7^ w in T; 

(m) we also put w(0,u>) = 0, that is, we consider a K-linear subspace 
L q (Q, F, A; X ) of L q (Q, F, A; X), where Q 7^ 0, X is the closed subspace of 
X as in §6.1. 

7. Definition. Let B and g be as in §2.1 and denote by A* ? ,s, 7 the 
corresponding g-Gaussian K s -valued measure on H . Let £ be a stochastic 
process with a real time £ G T C R (see Definition 6.2), then it is called 
a non- Archimedean q- Wiener process with real time (and controlled by Re- 
valued measure), if 

(ii) ' the random variable £(£, a;) — £(u, uj) has a distribution fi q ^t-u)B,-y for 
each £ 7^ -u G T. 

Let £ be a stochastic process with a non-Archimedean time £ G T C F, 
where F is a local field, then £ is called a non- Archimedean q- Wiener process 
with F-time (and controlled by K s -valued measure), if 

(iiy the random variable £(£, u)—£(u, uj) has a distribution /i g ,zn[ XF (t— u)]b,7 
for each £ 7^ w G T, where Xf : F — > T is a continuous character of F as the 
additive group (see §2.5 [Lud96c, Lud02j]). 
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8. Proposition. For each given q-Gaussian measure a non- Archimedean 
q- Wiener process with real (F respectively) time exists. 

Proof. In view of Proposition 6 for each t > u > b a random variable 
£(t,u) —£(b,iv) has a distribution i^ q u-b)B,j f° r re& l time parameter. If t, u, 
b are pairwise different points in F, then £(t,u) — £,{b,uj) has a distribution 
HqMxF(t-b)}B,~f, since ln[x F (t - «)] + Iu[xf(u - b)] = ln[x F (t - &)]. This 
induces the Markov quasimeasure //^ T on (J[ t&T (H t , Ut)), where H t — H and 
U( = Bco(H) for each t G T. In view of Theorem 2.39 [Lud96c, Lud02j] there 
exists an abstract probability space (fl, F, A), consequently, the corresponding 
space L(Q, F, A, K s ) exists. 

9. Proposition. Let £ be a q-Gaussian process with values in a Banach 
space H = c (a,K) a time parameter t G T (controlled by a K. s -valued 
measure) and a positive definite correlation operator B of trace class and 
7 = 0, where card(a) < K , either T C R or T C F. Then either 

(<) Jim M t [v s q {e l m u)f + ...+ v s q (e N {£(t, u))) 2 ] = tTr(B) or 

(ii) hm M t [^(e 1 (e(t,cu)) 2 +...+^(e JV (e(t,cu)) 2 ] = [Zn(x P (f))]7V(B) respectively. 

Proof. Define Unvalued moments 
m q k (e jl ,...,e jk ) := J H v s 2q (e jl (x))...v s 2q (e jk (x))fx q>Br/ (dx) 

for linear continuous functionals e J1 , e^ k on H such that e l (ej) = 5 l j, where 
{ej : j G a} is the standard orthonormal base in H. 

Consider the operator 

(Hi) pd u ^(x) :— F~ 1 (f u - 1 (y)^(y)\y\ p )(x), 
where f u (x) : = s -( 1+w ) xor ^( !e )/r K > a (l+u) and F(/ tt )(y) = r K ' s (l+M)/ u (-y)|y| p 1 
(see §4), where F denotes the Fourier-Stieltjes operator defined with the help 
of the K s -valued Haar measure w on Bco(K), F(ip) =: ^, Re(u) ^ — 1, 
^ : K -> K s . Then 
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(iv) P d u f b (x) = ir-i(rK^(„)/ w _ 1 (_ y ) r K^(i +6 )/ 6 (_ y )| I/ |-i) = f (u+b) ( x ) 

for each u with Re(u) 7^ 0, since 

F- 1 ( s -( 1 + u + 6 ) xord f>(^)|y|- 1 )(;r) = (r K,s (l + u + 5))- 1 s -( 1 + u + fe ) xord p(-^)(a;). 
For 11 = 1 we write shortly p<9 x = p<9 and p<9j means the operator of 
partial pseudo-differential (with weight multiplier) given by Equation (Hi) 
by the variable Xj. A function ip for which pdjijj exists is called pseudo- 
differentiable (with weight multiplier) of order u by variable Xj. Then 
m g 2 { 2 (e^, e^)(r K < s (g/2)) 2fe := J H s"« ™*p(*ii)/2... s -9 ord ^)l 2 ^ B ^(dx) 
= P d f- P^f/WO) = ([ pD«/ 2 ] 2k Kx))\x=o.(e jl ,..,e^), 
where ( pD q l 2 f(x)).e- > := pdjf(x). Therefore, 

(v) m q 2 { 2 (e^ , ...,e^)(T K ' s (q/2)) 2k 

= (*!)-*[ pD'/ 2 ] a [5(«^) ) ^(z)f.(e ]1) ... 1 e,J 

since 7 = and X-y( z ) = 1; where is the symmetric group of all bijective 
mappings o of the set {1, ...,&} onto itself, Bij := B(ej,ei), since Y* = 
Y for Y = l2(ot,IL). Therefore, for each B & L\ and A G Loo we have 
/ H A(u,(x),u,(x))^, i B,o(<ia!) = hm7v ea E^LiE^=i^i,fcm2 /2 (ei,e fc ) = 7V(AB), 
since C s C U s and algebraically C s is isomorphic with C. 

In particular for A = I and Hq t tB,o corresponding to the transition measure 
of £(t,u) we get Formula (i) for a real time parameter, using n q j n {x F (t)]B,o we 
get Formula (ii) for a time parameter belonging to F, since £(to,u) = for 
each iq. 

10. Corollary. Let H = K and B = 1, j be as in Proposition 9, then 
(i) M([ ct>(t,u)v s 2q (dt(t,u)) = M[f b cf>(t,uj)dt] 

Jt£[a,b] Ja 

for each a < b G T with real time, where <f>(t,u) G L(Q, U, A, Cq(T, R)) 
£ G L(f2, U, A, X (T, K)) ; (Q, U, A) is a probability measure space. 

Proof. Since J te[aM </>(t, uj)v^ q (d^(t, u)) 
= \im max .( tj+1 _ tj) ^ J2f=i <f>(tj, u)v s q (£(t j+1 , uj) - £(tj, uj)) for A-almost all cu G 
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fi, since C s C U s and C s is algebraically isomorphic with C, then from the 
application of Formula 9.(i) to each i>f u ) ~~ ^0) an d the existence 

of the limit by finite partitions a — t\ < t 2 < ■■■ < ijv+i = b of the segment 
[a, b] it follows Formula 10. (?) . 

11. Definitions and Notes. Consider a pseudo-differential operator 
on H = c (a, K) such that 

(0 a= E H)^..,,, /4>- A- 

0<fc€Z;ji,...,j fc ea 

where 6^ ■ G R, p<9 7 , := pd},. If there exists n := maxiA; : b k ■ 7^ 
0, ji, ...,jk G gc}, then n is called an order of A, Ord(A), where pdj is defined 
by Formula 9. (Hi). If A = 0, then by definition Ord(k) = 0. If there is not 
any such finite n, then Ord(A) = 00. We suppose that the corresponding 
form A on fc Y k is continuous into C, where 

(ii) A{y) = - ]T (-i) k b k jl _ jk y jl ...y jk /lns, 

0<keZ;ji,...,j k ea 

y G £2(01, R) =: ^- If A(y) > for each y 7^ in Y, then A is called strictly 
elliptic pseudodifferential operator. 

Let X be a complete locally K-convex space, let Z be a complete locally 
U s -convex space. For < n G R a space of all functions / : X — > Z 
such that /(x) and ( P D k f(x)).(y 1 ,...,y 1 ^) are continuous functions on X 
for each y 1 , ...,y l W G {e 1 , e 2 , e 3 , ...} C X*, Z(/c) := [fc] + s?gn{A;} for each 
k G N such that < [n] and also for k = n is denoted by pC n (X, Z) and 
/ G pC n (X, Z) is called n times continuously pseudodifferentiable, where 
[n] < n is an integer part of n, 1 > {n} := n — [n] > is a fractional part 
of n. Then P C°°(X, Z) := f]n=i pC n {X, Z) denotes a space of all infinitely 
pseudo-differentiable functions. 

Embed R into C s and consider the function i>| : U p -^Rc C s , then for 
t = v s 2 (9), 9 G K C Up, put d t u(t,x) := lini0,K,0eK,**(tf)-t pd e u(v s 2 (9), x) for 



17 



t > 0, when it exists by the filter of local subfields K in C p , which is correct, 
since t>f(U p ) = [0, oo), Ukcc p K is dense in C p , T Cp = (0, oo) n Q. 

12. Theorem. Let A be a strictly elliptic pseudodifferential operator on 
H = co(a,K) 7 card(a) < K 0; and let t G T — [0,b] C R. Suppose also that 
Uq{x — y) G L(H, Bco(H), fi t A, U s ) for each marked y E H as a function by 
x E H, u (x) £ pC° rd( - A \H, U s ). Then the non- Archimedean analog of the 
Cauchy problem 

(i) d t u(t,x) = Au, u(0, x) = uo(x) 
has a solution given by 

(ii) u(t,x) = u (x-y)v tA (dy), 

J H 

where ji tA is a K s -valued measure on H with a characteristic functional 
jl tA ( z ) : = S ^(«5W). 

Proof. In accordance with §§2 and 11 we have Y = l 2 (a,~R,). The 
function s tj4 K( z )) i s continuous on H <^-> H* for each t G R such that the 
family H of continuous K-linear functionals on H separates points in H. In 
view of Theorem 2.30 above it defines a tight measure on H for each t > 0. 
The functional A on each ball of radius 0<i?<ooinFisa uniform limit 
of its restrictions M@ k [span^{ei,...,e n )] k > when n tends to the infinity, since A is 
continuous on (§} k Y k . Since -u (:r — y) G L(H, Bco(H), fj, tA ,\J s ) and a space 
of cylindrical functions is dense in the latter Banach space over U s , then in 
view of Theorems 9.14,9.21 [Roo78] and the Fubini theorem it follows that 
limp^/ F p x uo(Px)) fi t x{y + Px) converges in L(H, Bco(H), /i tA , U s ) for each 
t, since ji tiA * ji t2 ^ = fJ>(t 1 +t 2 )A f° r eacn ^2 and t x + t 2 G T, where P is 
a projection on a finite dimensional over K subspace H P := P(H) in H, 
Hp ^ H, P tends to the unit operator / in the strong operator topology, 
Fp x u (Px) denotes a Fourier transform by the variable Px G Hp. Consider 
a function v := F x (u), then d t v(t,x) = —A(v%(x))v(t,x)lns, consequently, 
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v(t,x) = vo(x) s^KO*)) . From u(t,x) = F x 1 (v (t, x)), where F x (u(t,x)) = 
lim„_ too F :Cli ... ):rn w(t,a;). Therefore, u(t,x) = u (x) * [^(Ati)] = J H u (x - 
y)fj, t ^(dy), since ~ y) ^ L(H, Bco(H), /i t ^,\J s ) and /i^ is the tight 
measure on Bco(H). 

13. Note. In the particular case of Ord(A) = 2 and A corresponding 
to the Laplace operator, that is, A(y) = J2i,j QijUiUj-, Equation 12. (i) is (the 
non- Archimedean analog of) the heat equation on H . 

For Ord(A) < oo the form Ao(y) corresponding to sum of terms with 
k = Ord(A) in Formula 11. (ii) is called the principal symbol of operator A. 
If Ao(y) > for each y ^ 0, then A is called an elliptic pseudodifferential 
operator. Evidently, Theorem 12 is true for elliptic A of Ord(A) < oo. 

14. Remark and Definitions. Let linear spaces X over K and Y 
over R be as in §4 and B be a symmetric nonnegative definite (bilinear) 
operator on a dense R-linear subspace Db,y in V*. A quasi-measure fi with 
a characteristic functional 



for a parameter ( G C s with Re(() > defined on D q ^ B ,x we call an U s - 
valued (non- Archimedean analog of Feynman) quasi-measure and we denote 
it by fJ,q,(B,y a l so > where D q ,B,x := {z E X* : there exists j G T such that 
z(x) = Zj(<i>j(x)) G X, v s q (z) G Db,y}- 

15. Proposition. Let X = D qBtX and B be positive definite, then for 
each function f(z) := f x Xz(x)u(dx) with an XJ s -valued tight measure v of 
finite norm and each Re(() > there exists 



where ^ P \p-\A)) := fi(p-\A)) for each A £ Bco{X P ), P : X -> X P is 



a projection on a ~K-linear subspace X P , a convergence P — > / is considered 
relative to a strong operator topology. 



jl((,x) := s^ iz) ^ z)) Xl {z) 



(i) j x f(z)n B (dz) = Mm j x f(Pz)$j(dz) 
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Proof. From the use of the projective limit decomposition of X and 
Theorem 2.37 [Lud96c, Lud02j] it follows, that there exists 

Jx f( z )l 2 CB(dz) = linip^j J x f(Pz)fi^ B \dz). Then for each finite di- 
mensional over K subspace Xp 



since v is tight and hence each v p is tight. Each measure Vj is tight, then 
due to Lemma 2.3 and §2.5 [Lud96c, Lud02j] there exists the limit 



16. Proposition. If conditions of Proposition 15 are satisfied and 



then Formula 15. (i) is accomplished for ( with Re(() = 0, where w Xp is a 
nondegenerate K. s -valued Haar measure on Xp. 

Proof. In view of Theorem 2.37 [Lud96c, Lud02j] for the consistent 
family of measures {f(Px)/j,X[ Brf (dPx) : P} (see §2.36 [Lud96c, Lud02j]) 
there exists a measure on (X,1Z), where projection operators P are associ- 
ated with a chosen basis in X. The finite dimensional over K distribution 
l x *iB, 1 / wXp {dx) = F~ 1 (p, qjiB , 1 )\xp) is in Coo(Xp,U s ) due to Theorem 9.21 
[Roo78], since fx G L(Xp, Bco(X p ), w Xp , U s ). In view of Condition 16. (i, ii) 
above and the Fubini theorem and using the Fourier-Stieltjes transform we 
get Formulas 15.(ii,iii). From the taking the limit by P — > / Formula 15. (i) 
follows. This means that fx q ,^B,j exists in the sence of distributions. 

17. Remark. Put 



(Hi) J x f(PzU P B \dz) = t {^KW^W)) X7 ( z ) } | Xp ^ ((i2 ) 



Ump^ / / Xp {^ B ("SW.«SW) X7 (^}| Xp ^(^) 
= f x s< B W z )^( z ))) Xl ( z )is(dz). 



(i) f(Px)eL(X P ,Bco(w Xp ),U s ) 



for each finite dimensional over K subspace Xp in X and 



(ii) lim sup = 



F 




f(x)fj Jq:iB , 7 (dx) := lim / f(x)fi q , (Bn (dx) 
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if such limit exists. If conditions of Proposition 16 are satisfied, then ^(C) : = 
fx f( x )/ J, q,(B,'y(dx) is the pseudo-differentiable of order 1 function by ( on 
the set {( G C s : Re{C) > 0} an d ^ is continuous on the subset {( G C s : 
R e {0 > 0}? consequently, 

(«) F I fix^B^dx) = [ S^ B ^^X,(x)u(dx). 
J X J X 

Above non- Archimedean analogs of Gaussian measures with specific prop- 
erties were defined. Nevertheless, there do not exist usual Gaussian Re- 
valued measures on non- Archimedean Banach spaces. 

18. Theorem. Let X be a Banach space of separable type over a locally 
compact non- Archimedean field K. Then on Bco(X) there does not exist a 
nontrivial K. s -valued (probability) usual Gaussian measure. 

Proof. Let /i be a nontrivial usual Gaussian K s -valued measure on 
Bco(X). Then by the definition its characteristic functional \x must be satis- 
fying Conditions 2.5.(3, 5) [Lud96c, Lud02j] U s - valued function and lim^i^oo fi(y) = 
for each y G X* \ {0}, where X* is the topological conjugate space to X 
of all continuous K-linear functionals / : X — > K. Moreover, there exist 
a K-bilinear functional g and a compact nondgenerate K-linear operator 
T : X* — > X* with ker(T) = {0} and a marked vector x G X such that 
frx {y) = f(g(Ty,Ty)) for each y G X*, where fJ, Xo (dx) := fJ,(-x + dx), 
x G X. Since K is locally compact, then X* is nontrivial and separates 
points of X (see [NB85, Roo78]). Each one-dimensional over K projection of 
a Gaussian measure is a Gaussian measure and products of Gaussian mea- 
sures are Gaussian measures, hence convolutions of Gaussian measures are 
also Gaussian measures. Therefore, £i xo : X* — > U s is a nontrivial character: 
fj>x (yi + 2/2) = ^0(2/1)^0(2/2) for each y x and y 2 in X*. If char(K) = 
and K is a non- Archimedean field, then there exists a prime number p such 
that Q p is the subfield of K. Then fi(p n y) = (fi(y)) pn for each n G Z 
and y G X* \ {0}, particularly, for n G N tending to the infinity we have 
lim^oojA/ = and lim^oo fi XQ (p n y) = 1, lim^oo jl Xo {y)) pn = 0, since 
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s ^ p are primes, Hindoo p, XQ (p~ n y) = and \p> Xo (y)\ < 1 for y ^ 0. This 
gives the contardiction, hence K can not be a non- Archimedean field of zero 
characteristic. Suppose that K is a non- Archimedean field of characteristic 
char(K) = p > 0, then K is isomorphic with the field of formal power series 
in variable t over a finite field F p . Therefore, fi xo {py) = 1, but fi Xo (y) p ^ 1 for 
y 7^ 0, since lim^oo ft xo (t~ n y) = 0. This contradicts the fact that jl xo need to 
be the nontrivial character, consequently, K can not be a non- Archimedean 
field of nonzero characteristic as well. It remains the classical case of X 
over R or C, but the latter case reduces to X over R with the help of the 
isomorphism of C as the R-linear space with R 2 . 

19. Theorem. Let l^ q ,B,-y and l^ q ,B,s be two q-Gaussian K. s -valued mea- 
sures. Then H q ,B,-y is equivalent to H q ,B,s or /J> q; B,-y J- H q ,B,s according to 
v q (l — E B 1 ^ 2 (Db,y) or n °t- The measure /x 9i b,7 is orthogonal to (J> g ,B,s, 
when q ^ g. Two measures fJ, q ,B,-y and fJ, 9t A,5 with positive definite nondegen- 
erate A and B are either equivalent or orthogonal. 

20. Theorem. The measures [i q ,B,-y and fi q ,A,j are equivalent if and 
only if there exists a positive definite bounded invertible operator T such that 
A = B l / 2 TB 1 / 2 andT-I e L 2 (Y*). 

Proof. Using the projective limit reduce consideration to the Banach 
space X. Let z G X be a marked vector and P z be a projection operator on 
zK. such that P 2 = P z , z = J2j z j e j, then the characteristic functional of the 
projection /i^ 7 of // 9 ,s, 7 has the form /t^| )7 = s'^^ Bi ^ v ^ z ^ v v^ z j)) v 2q(.0]^^^ 
for each vector x = £z, where each Zj and £ G K, since f|o(0 = ( v q (0) 2 - 
Choose a sequence { n z : n} in X such that it is the orthonormal basis in X 
and the operator G : X — > X such that G n z = n a n z with „a ^ for each 
n G N and there exists G^ 1 : G(X) — > X such that it induces the operator 
C on a dense subspace T>(Y) in Y such that CBC : Y — > Y is invertible and 
\\CBC\\ and || (67^67) - 1 1| G [|tt|, \-k\~ 1 ]. Then 



22 



where V n := spanj<_( jZ : j = l,...,n), x n G V n . Consider x n = G 1 (y n ), 
where y n G G(V n ), then 

[^ Bn {G- l dy n )/\ v -{G- l dy n )} and \^%^G~Hy n ) / X^G-Hy^ 
are in L(X Vn (G~ 1 dy n )) for each n such that there exists m G N for which 
Wl^iG^dy^/X^iG-Wm and ||[^ )7 (G'- 1 ^)/A^(G'- 1 dy")]- 1 || G [|tt|, 
for each n > m, where ||*|| is taken in L(X Vn (G~ l dy n )). Then N v n (y n ) G 

[\ir\, \tt\~ 1 } for each n > m. Then the existence of /j, qj A,-y(dx) / /j, qj B,-y(dx) G 
Li^B,^) is provided by using operator G and the consideration of charac- 
teristic functionals of measures, Theorem 3.5 and the fact that the Fourier- 
Stieltjes transform F is the isomorphism of Banach algebras L(K, Bco(K), v, U s 
with Coo(K, U s ), where v denotes the Haar normalized by v(B(K, 0, 1)) = 1 
K s -valued measure on K. If g ^ q then the measure /^b^ is orthogonal to 
fi g ,B,s, since 

liniR>0,ii+n-^oo SUp xeX c R ^ \ (fJ, q ,B,f)x n /(fJ'g,B,s)x n \(x) = 

for each q > g due to Formula 4.(ii), where X n := span-^{e m : m = 
n,n + l,...,2n), := X n \ 5(X n , 0, i?) , (fi q>Br/ ) Xn is the projection of 

the measure A* ? ,s, 7 on X ra . Each term /3j in Theorem 3.5 is in [0, 1] C R, 
consequently, the product in this theorem is either converging to a positive 
constant or diverges to zero, hence two measures A* ? ,s, 7 and fi g ,A,s are either 
equivalent or orthogonal. 

21. Theorem. Let X be a Banach space of separable type over a locally 
compact non- Archimedean field K and J be a dense proper K.-linear subspace 
in X such that the embedding operator T : J X is compact and nondegen- 
erate, ker(T) = {0}. Then a set A4(X, J) of probability K. s -valued measures 
fi on Bco(X) quasi-invariant relative to J is of cardinality card(K s ) c . If J' , 
J' C J, is also a dense K-linear subspace in X , then JA(X, J') D JA(X, J). 

Proof. Since X is of separable type over K, then we can choose for 
a given compact operator T an orthonormal base in X in which T is dia- 
gional and X is isomorphic with cq over K such that in its standard base 
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{ej : j G N} the operator T has the form Tej = ajej, ^ fl ; 6 K 
for each j G N, limj^ooOj = 0. As in Theorem 3.15 [Lud96c, Lud02j] 
take g n G L(K, Bco(K), w'(dx/a n ), K s ), <? n (rr) 7^ for f-a.e. x G K and 
||g n || = 1 for each n, for which converges Il^Li fl n > f° r each y G J and 
such that n™=i 9n{ x n)w' {dx n / a n ) =: VL n (dx n ) satisfies conditions of Lemma 
2.3 [Lud96c, Lud02j], where (5 n := \\pn\\cf> n , ^ o„ 6 K for each n G N, 
p n (x) := fi n (dx) / u n (dx) , (f) n (x) := N Xn (x), X n {dx) := g n {x)w' \dx / a n ) , then 
use Theorem 3.5 [Lud96c, Lud02j] for the measure v n {dx) := g n (x)w' \dx j a n ) 
and ix n {dx) := v n {— y n + dx), x n := (xi,...,x n ), Xi,...,x n G K for each 
n G N. The family of such sequences of functions {g n : n G N} has the 
cardinality card(K s ) c , since in L(v) the subspace of step functions is dense 
and card(Bco(X)) = c. The family of all {g n : n} satisfying conditions above 
for J also satisfies such conditions for J'. From which the latter statement 
of this theorem follows. 

22. Theorem. Let X be a Banach space of separable type over a lo- 
cally compact non- Archimedean field K and J be a dense proper Y^-linear 
subspace in X such that the embedding operator T : J X is compact and 
nondegenerate, ker(T) = {0} ; b G C. Then a set Vb{X,J) of probability 
K. s -valued measures fi on Bco(X) quasi-invariant and pseudo- differentiate 
of order b relative to J is of cardinality card(K s ) c . If J' , J' C J , is also a 
dense Y^-linear subspace in X, then Vb{X, J') D Vb{X, J). 

Proof. As in §21 choose for T an orthonormal base in X in which T 
is diagional and X is isomorphic with Co over K such that in its standard 
base {ej : j G N} the operator T is characterized by Tej = ajej, 7^ 
a.,- G K for each j G N, lim^ooaj = 0. Take g n from §21, where g n G 
L(K, Bf(K), w'(dx/a n ), K s ), satisfy conditions there and such that there 
exists limm^oo PD(b,Y\n=i9n{xz)) G L(X, Bco(X), u, F) by the variable x 
for each z G J, where x G K, K s U C s C F, F is a non-Archimedean field. 
Evidently, Vb(X, J) C A4(X, J). The family of such sequences of functions 
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{g n : n G N} has the cardinality card(K s ) c , since in L{y) the subspace of 
step functions is dense and the condition of pseudo-differentiability is the 
integral convergence condition (see §§4.1 and 4.2 [Lud96c, Lud02j]). 
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